In this paper, we present new analytical solutions of the Bohr Hamiltonian problem that we derived with the Tietz-Hua potential, here used for describing the β-part of the nuclear collective potential plus harmonic oscillator one for the γ-part. Also, we proceed to a systematic comparison of the numerical results obtained with this kind of β-potential with others which are widely used in such a framework as well as with the experiment. The calculations are carried out for energy spectra and electromagnetic transition probabilities for γ-unstable and axially symmetric deformed nuclei. In the same frame, we show the effect of the shape flatness of the β-potential beyond its minimum on transition rates calculations.
Introduction
The theoretical study of excited collective states in nuclei is of particular interest in nuclear structure inasmuch as it allows to understand shape phase transitions in nuclei. Therefore, different approaches have been developed in this context particularly in the framework of Bohr-Mottelson model [1, 2] and Interacting Boson Model (IBM) [3] . Moreover, the interest devoted to such a thematic has increased even more with the occurrence of critical point symmetries. The pioneer symmetries were the E(5) [4] which has been introduced to describe phase transition between vibrational and γ-unstable nuclei and the X(5) [5] one elaborated with the aim of describing the phase transition between vibrational and axially symmetric prolate deformed nuclei. Both critical point symmetries have used the infinite square well (ISW) as a recall potential for β-vibrations, while the γ-oscillations have been treated by the harmonic oscillator around γ ≈ 0. Thereafter, the X(5) symmetry has generated the X(3) one [6] for γ-rigid nuclei and these two latter have been recently improved by the new X(3)-ML and X(5)-ML symmetries which have been elaborated by introducing for the first time the minimal length concept in nuclear structure [7] . Thus, the critical point symmetries have generally paved the way for the construction of other models by making use of different potentials leading to new exactly separable models allowing the description of nuclei which are near or far from the above mentioned critical point symmetries. One can cite for example the ES-E(5) and the ES-X(5) models. The most popular among the used model potentials one can find Morse [8, 9, 10] , Kratzer [11, 12] , Davidson [13, 14, 15, 16] , Sextic [17, 18, 19, 20, 21, 22, 23] , Hulthén [24] , Woods-Saxon [25] , and Manning-Rosen [26, 27] potentials. Recently, it has been shown that the Morse potential [8] is more appropriate than the Davidson one in the limit of E(5) and X(5) symmetries due to its shape which becomes flat when the variable β increases in respect to the Davidson potential which grows as β 2 . As it is known, the Morse potential has been introduced for the first time in molecular physics to describe the vibrational behavior of diatomic molecules. Furthermore, different forms of such a potential have been developed like for example Tietz-Hua potential [28, 29] . This latter is considered as more realistic than the Morse one in the description of molecular dynamics as moderate and high rotational and vibrational quantum numbers [30] . Thus, in the present work, we adopted this potential within the Bohr Hamiltonian for the β-part of the separable nuclear collective potential which is chosen in the following form : v(β, γ) = u(β) + w(γ)/β 2 , while the γ-part u(γ) of this latter is taken to be equal to a harmonic oscillator potential. The elaborated model in this work has been applied to study γ-unstable and axially symmetric prolate deformed nuclei through their energy spectra and transition probabilities. These nuclear characteristics have been obtained in closed analytical form by means of Nikiforov-Uvarov method [31] . The obtained numerical results in this work are in an excellent agreement with the experimental data and fairly better than those obtained with other potentials particularly for transition rates.
The paper is organized as follows. In the Section 2, the analytical expressions for the energy levels and excited-state wave functions are presented in the γ-unstable and prolate axial rotor case, while the B(E2) transition probabilities are given in Section 3. The numerical results for energy spectra and B(E2) are presented, discussed, and compared with experimental data and available other models in Section 4. Finally, Section 5 contains our conclusion.
Theory of the model
The original collective Bohr Hamiltonian is [2] 
where β and γ are the usual collective coordinates, Q k are the components of angular momentum in the intrinsic frame, and B is the mass parameter.
γ-unstable case
In order to achieve exact separation of the variables β and γ in eq. (1), we choose the total wave function in the form [32] Ψ(β, γ, θ i ) = ξ(β)Φ(γ, θ i ) (2) where θ i (i = 1, 2, 3) are the Euler angles, and we assume the potential to be γ independent, V (β, γ) = U 1 (β).
Then, separation of variables leads to two equations: one depending only on the β variable and the other depending on the γ variable and the Euler angles,
and − 1 sin 3γ
where Λ is the separation constant and the following notations are used u 1 (β) = 2B h 2 U 1 (β) and = 2B h 2 E. The γ and Euler angles equation (4) has been solved by Bès [33] . In this equation, the eigenvalues of the second-order Casimir operator SO (5) are expressed in the following form Λ = τ (τ +3), where τ is the seniority quantum number, characterizing the irreducible representations of SO (5) and taking the values τ = 0, 1, 2, ... [34] .
The values of angular momentum L occurring for each τ are provided by a well known algorithm and are listed in [3] . The ground state band levels are determined by L = 2τ .
The prolate axial rotor case
In this case, the reduced potential v(β, γ) = 2BV /h 2 depends on the asymmetry γ. However, to achieve exact separation of variables [35, 12, 36, 9, 32] , we assume a potential of the form
For the γ-potential, we use a harmonic oscillator [5, 36] 
where c is a free parameter.
As the γ potential is minimal at γ = 0, one can write the angular momentum term of Eq. (1) as [5] k=1,2,3
Using wave functions of the form
where D(θ i ) denote Wigner functions of the Euler angles. L are the eigenvalues of angular momentum, while M and K are the eigenvalues of the projections of angular momentum on the laboratory fixed x-axis and the body-fixed x -axis respectively. The separation of variables leads to
whereΛ =Λ + L(L + 1)/3 andΛ is a parameter coming from the exact separation of the variables, obtained from the γ equation. The equation (9) has been solved [5] for the potential (5) leading toΛ
where n γ is the quantum number related to γ-oscillations.
Common form of the radial part
We see that Eq .(3) has the same form as (8) , obtained in the γ-unstable case, the only difference being that Λ in the first equation is replaced byΛ in the axially symmetric prolate deformed nuclei. In what follows we are going to use the symbol Λ.
In this work, we use the Tietz-Hua potential with a unit depth expressed as [28, 29] 
By inserting the function f (β) = β −2 ξ(β) in the radial equation (3), we obtain:
For a small β deformation, the centrifugal potential could be expanded around β = β e in a series of powers of x = (β − β e )/β e as
It is sufficient to keep expansion terms only up to the second order. The following form of the potential can be used instead of the centrifugal potential in the Pekeris approximation [37]
where α = b h β e and D i is the parameter of coefficients (i = 0, 1, 2). By expanding Eq. (14) up to terms x 2 , after making some arrangements and combining equal power with Eq. (13), we obtain the relations between the coefficients and parameters α and c h as follows:
lim c h →0
Rewriting Eq. (12) by using the new variable z = c h e −αx , we obtain
Using the generalized Nikiforov-Uvarov method [31] , we obtain the energy spectrum of the β part as
In the following, we obtained the corresponding wave function of the β part as
where
, in which Λ for γ-unstable nuclei it is given by Λ = τ (τ + 3) while for axially symmetric prolate deformed nuclei it should be replaced byΛ = (6c)(
. N n is computed via the orthogonality relation of Jacobi polynomials:
Note that to compute this constant we required the following parameterization c h = e −α .
B(E2) transition rates
The B(E2) transition rates from an initial to a final state are given by [38] 
where s denotes quantum numbers other than the angular momentum L.
B(E2)s for γ-unstable nuclei
In the general case the quadrupole operator is defined as [32] 
where D(θ i ) denotes the Wigner functions of Euler angles and t is a scale factor. Then, the full symmetrized wave function is given by
The radial function χ(β) is given by Eq. (20) , while the angular functions Φ τ (γ, θ i ) have the form [33] Φ τ (γ, θ i ) = 1 4π
where α 2 is defined in Eq. (23) . From Eqs. (22) and (25) 
with
The τ dependence of the radial wave functions R n (β) of Eq. (20) is contained in µ and ν, which in turn to contain Λ = τ (τ + 3)
3.2 B(E2)s for axially symmetric prolate deformed nuclei
The B(E2) transition rates for axially deformed nuclei around γ = 0 read [40] B(E2;
is the integral over β, while C nγ K,n γ K contains the integral over γ. For ∆K = 0 corresponding to transitions (g.s. → g.s., γ → γ, β → β and β → g.s.), the γ−integral part reduces to the orthonormality condition of the γ-wave functions : C nγ K,n γ K = δ nγ ,n γ δ K,K . While for ∆K = 2 corresponding to transitions (γ → g.s., γ → β), this integral takes the form.
In the next sections, all values of B(E2) are calculated in units of B(E2;
results
The theoretical predictions for the energy spectra of the g.s., β and γ bands for γ-unstable and axially symmetric deformed nuclei are obtained from equation (19) by fitting the model parameters on the experimental data using the quality measure :
where N denotes the number of the states, while E i (exp) and E i (th) represent the experimental and theoretical energies of the i th level, respectively. E(2 + i ) is the energy of the first excited level of the g.s. band.
In Table 1 and Table 2 , we present the obtained numerical results for the g.s. bandhead R 4/2 = E(4 + g )/E(2 + g ) ratios as well as those of the β and γ bandheads, normalized to the 2 + g level, namely :
) respectively for γ-unstable (Table 1 ) and axially symmetric prolate nuclei ( Table 2 ).
The calculations have been carried out for several nuclei from 98 Ru to 200 P t in the γ-unstable case and from 150 N a to 250 Cf in the axially symmetric prolate one.
From Table ( 1), one ca see that over 54 studied γ-unstable nuclei, 87% are well reproduced with σ < 1 in respect to the experimental data. While from Table ( 2), one can observe that only 50 % of the 59 studied axially symmetric nuclei have σ < 1. This is due to the observed discrepancy in the β-band in respect to the experiment. So, at this stage, the Tietz-Hua potential seems to be appropriate for predictions of energy spectra of γ-unstable nuclei. But, its ability to reproduce well the experimental spectra for all kind nuclei could be improved within the deformation dependent mass formalism (DDMF) [41] as it has been done with Davidson potential in Ref. [13] . The DDMF is well known to have an effect on the enhancement of the calculations precision of the energy levels of nuclei [12, 13, 16] .
In Figures (1) - (2), are presented the spectra of 162 Yb and 166 Er compared with the experimental levels [42] . From these figures, we can see the overall agreement between our results and the experiment. In these figures, we also show some transition rates which are very well reproduced in comparison with the experimental data.
The exhaustive results for transition rates of ground-ground, β-ground and γ-ground transitions are given in Table ( 3) for several γ-unstable nuclei and in Table (4) for several axially symmetric prolate ones. Also, in both tables, are listed the obtained results by Manning-Rosen V M R (β) [27] , Kratzer V K (β) [12] , Davidson V D (β) [13] and Morse V M (β) [8] potentials for comparison.
Statistics for such a comparison are presented in Figure ( 4) where one can clearly see that over the 34 studied γ-unstable nuclei and 38 axially symmetric prolate ones, the larger part of these nuclei is well reproduced with σ < 1 by Tietz-Hua potential (large Pie charts). In the second rank comes Manning-Rosen potential [27] which should be naturally followed by Morse [8] as can be seen in the comparison between potentials without including the Tietz-Hua one (small Pie charts). Such a fact has already been proved in [27] . But, when comparing all potentials including Tietz-Hua, we have to notice that this latter appropriated the majority of nuclei which were well reproduced by Morse as can be seen from Tables (3)-(4). While Davidson [13] and Kratzer [12] potentials occupy the last places respectively.
The efficience of Tietz-Hua potential in reproducing the experimental data for transitions rates in comparison with the other model potentials is due to its shape particularly for β values beyond the potential minimum. Indeed, it has already been shown [27] Tables (3-4 [13] and Morse V M (β) [8] potentials, in the γ-unstable case (left) and the rotational case (right). The small Pie charts correspond to the statistical study without considering the Tietz-Hua potential.
considered potential is flatter beyond its minimum, the precision of calculated rates is greater. So, from Figure ( 3), one can see that the Tietz-Hua potential is the best candidate for this purpose.
Another characteristic, for axially symmetric prolate deformed nuclei, which has to be cheked, is obviously the energy level degeneracy appearing between the β and γ bandheads, namely 0 + β and 2 + γ states. This property has been first suggested in the work of Alhassid-Whelan arc of regularity [43] , such an arc moving inside the symmetry triangle of the IBA model [3] , connecting the U(5) and SU (3) vertices. An experimental confirmation was realized [44] to identify the atomic nuclei located close to the regular region of the Casten triangle [45, 46] noted by Alhassid and Whelan. Among the studied nuclei in Table ( 2), the possible candidates satisfying the theoretical signature |E(2 [43] and the experimental one |E(2 [44] are 158 Gd, 178 Hf and 250 Cf . Comparing these results with those of [14] , one can observe that our calculations with Tietz-Hua potential do not predict the additional two nuclei in [14] , namely: 158 Dy and 236 U . This is due to the above cited discrepancies of the present model. However, as it was also mentioned above, one can remedy to this problem by reconsidering the present study within DDMF [12, 13, 16] . But, here we have to notice that the nucleus 170 Er which has been already predicted in [14] as belonging to Alhassid-Whelan arc of regularity is inconsistent with the experimental results, while our predictions for such a nucleus are coherent with these latter.
Conclusion
In this work, new solutions for the Bohr Hamiltonian are obtained with Tietz-Hua potential, here used as a recall potential for β-vibration and a harmonic oscillator one for γ-vibration. The calculated energy spectra for several γ-unstable and axially symmetric prolate nuclei, within the present model, are satisfactory in comparison with the experimental data. But, as it has been mentioned above, such calculations could be improved in the framework of the deformation dependent mass formalism as it has been proved with Davidson potential in Ref [41] . As to the transition probabilities, it has been shown that Tietz-Hua potential presents an absolute prevalence when reproducing the experimental results. Such a fact is due to the flatness of this potential for large values of the β variable in comparison with other model potentials. 
) ratios, as well as those of the β and γ bandheads, normalized to the 2 + g state and labelled by R 0/2 = E(0
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